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SUMMARY 
The subject of this study is the downstream development of con-
stant pressure free jets and wall jets. The wall jet is defined as a 
jet which is restricted on one side by a solid surface (wall) extending 
parallel to the direction of the flow and is unrestricted on the other 
side,, Both two-dimensional and radial free jets and wall jets are ana-
lyzed for several typical initial and boundary conditions.. In each 
case the solutions approach asymptotic, or similar, solutions as the 
downstream development length approaches infinity= This study is con-
cerned with evaluating the development region between the initial con-
ditions and the asymptotic solutions,, Two metnods are usee iCx retain-
ing analytical solutions to the jets in the de^e-LOpmti t region0 The 
first is a numerical solution of the compressible boundary layer equations 
for a Prandtl number of unity0 The second is an approximate integral 
solution for rue velocity distributions obtained by assuming these dis-
tributions can be approximated by simple polynomials^ 
The boundary layer equations for the two-dimensional and radial 
jets are transformed first from the physical co-ordinates to equivalent 
incompressible co-ordinates using a Howarth type transformation. Further, 
the assumption that the viscosity is proportional to the temperature 
allows the separation of the momentum equation irom the energy equation» 
Under this assumption the velocity and temperature distributions are ob-
tained one at a time rather than simultaneously» The equations for the 
radial jets are reduced to the equations of the two-dimensional jets 
through another transformation of the Mangier typec The resulting equa-
tions are identical to those for the two-dimensional incompressible flow 
with constant viscosity*, They are applicable to either free jets or wall 
jets according to the boundary conditions chosen.. The numerical scheme 
selected to solve these equations uses an explicit forward difference 
in the downstream co-ordinate and an implicit central difference in the 
normal co-ordinate*, The implicit difference technique requires a finite 
range of the normal co-ordinate, a condition satisfied by an additional 
transformation of the normal co-ordinate to a momentum co-ordinate. The 
resulting equations were solved 'on a Burroughs 5500 computer for both 
free jets and wall jets. 
The purpose of the approximate solution is to investigate the 
possibility of using a relatively simple integral technique, as opposed 
to the complicated finite difference technique, to obtain the velocity 
distributions of these jetSo The cases investigated are the free jet 
and the wall jet with uniform initial velocity distributions. The develop-
ment reyxon of the jets is subdivided into two parts. The first pari: ex-
tends downstream from the initial conditions to the point of initial decay 
of the maximum velocity,. The second part extends downstream from this 
point to the asymptotic condition„ The velocity distributions are .re-
presented by. simple polynomials which satisfy boundary conditions, the 
integral momentum equation, and the F integral relation which was intro-
duced by Glauert for the asymptotic solution for the wall jet» The F 
integral relation is modified to apply to the free jet as well as the 
wall jet. 
An experiment of limited scope was conducted for the two-dimensional 
wall jetc The experimentally measured velocity distributions in the 
laminar development region are compared to the results of the exact 
theoryo From this comparison, the approximate distance downstream to 
transition from laminar to turbulent flow is establishedo Although 
this transition data is limited to a single test condition^ it is, 
to the author's knowledge, the first determination of transition for 
a wall jeto 
Results of the numerical solutions of the momentum equation for 
both free jets and wall jets with various initial velocity distributions 
are presented as working plots» These results approa^n the asymptotic 
solution tar downstream of the initial condition. Further;, this com-
parison shows that the asymptotic solutions are good approximations to 
the exact solutions only after the maximum velocities of the jets h- e 
decayed to about one half of their original values for the free jets and 
one third of their original values for the Wall jt'.^. The results for 
free jets and wall jets show that the solutions for the uniform initial 
velocity distributions ait better approximations to the solutions 
for the other initial velocity distributions than are the asymp-
totic solutions. further, it is argued that this will generally be 
the ,ase regardless oi the initial conditions of the jetso A comparison 
of the wall shear in the development region of the wall jet for several 
initial conditions yields a good correlation of the wall shear for a wide 
range of jet initial conaitionsc 
The approximate integral solutions for the free jet and the wall 
jet of uniform initial velocity distributions result in a closed form 
solution for the free jet and a simple numerical solution for the wall 
jeto These solutions predict the maximum velocity and general shape of 
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the velocity distribution well but do not predict the thickness of the 
viscous layer as well* The wall shear for the wall jet predicted by this 
method is very close to the exact solution,, These results show the ap-
proximate method to be an adequate method for obtaining jet characteris-
tics relatively easily0 
The theoretical results from the exact solution for the wall jet 
compare well with the experimentally measured velocity distributions 
until the jet becomes turbulent., The transition Reynolds number is 450 
based on the initial jet width and is 12,600 based on the downstream dis-
tance to transition from the nozzle exit.. These transition Reynolds numt-
bers are an order of magnitude above r.nat for the tree jet and below that 
for the boundary layer» Therefore, the wail has a stabilizing effe :i on 
the wall jet as compared to the free jet, whereas the tTni :-. dimension ot 
the jet width has a destabilizing effect on th< waii jet as compared to 
the boundary layer» 
NOMENCLATURE 
Roman Symbols 
constant in the approximate velocity distributions depend-
ent on the boundary conditions 
coefficient in the finite difference equations 
constant in the approximate velocity distributions depend-
ent on the boundary conditions 
coefficient in the finite difference equations 
constant in the approximate velocity distribution dependent 
on the boundary conditions 
Chapman's viscosity constant; equation (2„6) 
coefficient of specific heat at constant pressure 
constants in Crocco solution to the conservation of energy 
equation; equation (2o44) 
the inhomogeneous term in the finite difference equations 
constant in the approximate velocity distributions dependent 
on, Lhe boundary conditions 
height a initial velocity distribution; Figures 2 and 3 
integral relation -r equation (2126:) 
dummy function 
enthalpy 
dummy variable in finite difference equations 
dummy variable in finite difference equations 
momentum co-ordinate; equation (2„29) 
total momentum integral; equation (2»22) 





constant in viscosity relation dependent on the gas 
radial downstream co-ordinate; equation (.2„15) 
static temperature 
stagnation temperature 
velocity component in x direction 
velocity component in y direction 
dummy velocity variable 
compressible downstream co-ordinate? equation (2»9) 
physical downstream co-ordinate 
compressible normal co-ordinate; equation (2.10) 
physical normal co-ordinate 
transformed normal co-ordinate; equation (2,16) 
- momentum grid control variables 
momentum grid increment 









mean cubed velocity 
dummy variable 
density 
wall shear stress 
Superscript 




- referring to particular portion of jet; Figures 2 and 3 
- referring to particular portion of jet; Figures 2 and 3 
- referring to external fluid condition 
- referring to free jet 
- difference index in downstiedm co-ordinate 
- referring to initial condition 
- difference index in normal co-ordinate 
- mean 
- maximum 
- referring to reference condition 




For the purpose of this work., a jet is defined as a finite laminar 
stream of a viscous fluid discharging into the same fluid at rest* The 
static pressure of the jet fluid is the same as the pressure of the fluid 
at rest. An unrestricted jet is termed a "free jet." If the jet is re-
stricted parallel to the direction of the flow by a solid surface (wall), 
then the jet is termed a "wall jet." 
The free jets are the more familiar of the two types of jets and 
can have any number of different geometries. Three of the most familiar 
geometries are the axisymmetric free jet, the two-dimensional tree jet, 
and the radial free jet. The radial free jet Is denned as one issuing 
radially from the slit between two paraJlei circular disks. Each of these 
jets can be restricted in one dimension by a wall to form the correspond-
ing wall jet. The axisymmetric wall jet surrounds a cylindrical center 
body. The two-dimensional wall jet is restricted by a plane wall extend-
ing in the direction of the flow (e.g., an extension of a nozzle wall 
downstream of the nozzle exit). The radial wall jet is restricted by a 
plane wall extending radially in the direction of the flow (e.g., an ex-
tension of one nozzle wall downstream of the nozzle exit). This study 
is concerned with the two-dimensional and radial free jet and wall jet 
as described above. The axisymmetric jets are not investigated. 
The free jets, as the more common and practical of the two types 
of jets, have attracted the most attention in the past. Interest in the 
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wall jet, however, arises through such problems as the direct impinge-
ment of a jet on a surface, the flow from beneath ground effect machines, 
and the flows in separated regions and cavities*. Asymptotic solutions 
for the two-dimensional laminar incompressible free jet, and for the two-
dimensional and radial laminar incompressible wall jets, exist in the 
literature (l, 2, 3)*, These references present the solutions of PrandtlT's 
partial differential equations tor the boundary layer, which are obtained 
through a similarity analysis for each kind of jet. Under the condition 
of similarity the partial differential equations are reduced to ordinary 
differential equations*. Each resulting solution holds for wall. jt"rs of a 
particular kind and strength far enough downstream such that the details 
of the initial conditions of the jets no longer affect the solutions. Tne 
asymptotic solution to the radial free jet is obtained from the two-dimen-
sional solution through a transformation presented herein.. The asymptotic 
solutions for the wail, jets have been extended by Riley to include the ef-
fects of compressibility (4j0 £ summary of the work on free jet flow is 
found in reterence (5)= 
The asymptotic solutions offer results for the jets far downstream 
or the starting region but are not useful for predicting the flow character-
istics close to the initial condition. Furthermore, the extent of the 
region affected by the initial condition is unknown* The research re-
ported herein, concentrates on the downstream development of the jets for 
various initial conditions until they have essentially reached the asymp-
totic conditionso This region of nonsimiiar shear flow is hereafter termed 
the "development region*." 
Two methods are used for obtaining solutions to the jets in the 
3 
development regiono The first is referred to as the exact solution and 
involves a numerical solution of the compressible boundary layer equa-
tions for a Prandtl number of unity* The second is referred to as the 
approximate solution and is an integral technique for obtaining the ve-
locity distribution by assuming these distributions can be approximated 
by simple polynomialsc 
The boundary layer equations of the exact solution for the two-
dimensional and radial jets are transformed first from the physical co-
ordinates to equivalent incompressible co-ordinates using a Howarth type 
transformation (6)» Further, the assumption thac the viscosity is pro-
portional to the temperature allows the separation of the momentum equa-
tion from the energy equation (7)„ Under this assumption the velocity 
and temperature distributions are obtained one at a time rather than si-
multaneously,, The equations for the radial jet- are reduced to the equa-
tions of the two-dimensional, jets through another transformation of the 
Mangier type,, The new co-ordinates are referred to as the transformed 
co-ordinates. The resulting equations are Identical to those for the 
two-dimensional incompressible flow with constant viscosityo They are 
applicable to either free jets or wall jets according to the boundary 
conditions chosen,, The numerical scheme selected to solve these equa-
tions is explicit in the downstream co-ordinate and implicit in the normal 
co-ordinateo The explicit difference is a forward difference and the im-
plicit difference is an averaged central difference^ The implicit differ-
ence technique requires a finite range of the normal co-ordinate, a condi-
tion satisfied by a transformation of the normal co-ordinate to a momentum 
co-ordinateo The resulting equations were solved on a Burroughs 5500 
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computer for both free jets and wall jets of various initial and bound-
ary conditions. 
The purpose of the approximate solution is to investigate the 
possibility of using the relatively simple integral techniques, as op-
posed to the complicated finite difference technique, to obtain the 
velocity distributions of these jets0 The cases considered are the free 
jet and the wall jet with uniform initial velocity conditions,, The 
method consists of studying the development region of the jets in two 
parts. The first part extends downstream from the initial conditions 
to the point of initial decay of the maximum velocity» The second part 
extends downstream from this point to the asymptotic condition., The re-
lations satisfied are the integral momentum equation and the F integral 
relation introduced by Glauert for the wall jet (3). The F integral re-
lation is modified to apply to the free jet as well a=> to the wall jeto 
An experiment of limited scope was conducted for the two-dimensional 
wall jeto The experimentally measured velocity distributions in the lam-
inar development region are compared to the results of the exact theory0 
From this comparison the approximate distance downstream to transition 
from laminar to turbulent flow is established.. Although this transition 
data is limited to a single test condition, it is, to the author's knowT-
eye, the first determination of transition for a wall jet» 
CHAPTER II 
THEORETICAL ANALYSIS 
The development of the velocity distributions for a free jet and 
a wall jet with uniform initial velocity conditions is illustrated in 
Figure 1. The x and y co-ordinates are the downstream and normal 
co-ordinates, respectively„ The y = 0 line corresponds to the center-
line of a symmetrical free jet and to the wall of a wall jet. All 
the free jets considered in this study are symmetrical with respect to 
the line y = 0. Then, only that portion of the free jet for y > 0 
must be considered in order to completely determine the free jet. A n 
properties and distributions presented for the free jet throughout this 
study will refer to that portion of the jet from y = 0 to y •*•«», The 
reference properties, denoted by tne subscript r, refer to the specified 
properties of the jet at the maximum velocity of the initial condition, 
Equations and Assumptions 
The equations required to study the flow of a viscous compressible 
fluid are as follows: 
(i) momentum equation 
(ii) energy equation 
(iii) continuity equation 
(iv) thermodynamic equation of state 
(v) viscosity relationship 
The momentum and energy equations used in this work are the classic 





» , I' iZ X 
Center 
Line 
The Wall Jet 
y=0 
Figure 1. Illustration of the Development of the Free 
Jet and the Wall Jet. 
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equations used to study the flow of a fluid of small viscosityo They 
were introduced by Prandtl as simplifications of the Navier-Stokes equa-
tions and are termed the boundary layer equations (8)» The thermodyna-
mic equation of state used is that for a calorically and thermally per-
fect gas, and the viscosity is assumed to vary- in direct proportion to 
the temperature. Further, the static pressure is assumed constant, and 
the Prandtl number of the gas is assumed equal to unity* These five 
equations relate the five unknowns 
(i) the velocity component in the x direction, u 
(ii) the velocity component in the y direction, v 
(iii) the temperature, T 
(iv) the density, p 
(v) the viscosity, \i 
to the physical co-ordinates of the field, x and y. They are expressed 
as follows: 
the momentum equation, 
pl.u -~ + v — ) = — (\L — ) C2.1J 
r 9x 9y 9y 9y 
the energy equation, 
/ 9T 9Tx _ 9 / 9Tx u />9UN2 / 0 0\ 
p(u — + v —-) = —- [\i -T-) + t±— (—) (2.2 
K 9x 9y 9y r 9y c 9y 
the continuity equation, 
= 0 (2.3) 
9(pux ) + 9(pvx, 
9x 9y 
the equation of state, 
pT = p T (2.4 
K r r 
and the viscosity equation, 
^ = c ̂  (2.5 
T C T ^ ° 
r 
For the two-dimensional cases, k = 0 , and for the radial cases, k = 1 
The Chapman constant, c , is derived from the Sutherland viscosity rela-
tion and is expressed as 
T + 5 
T ^ T I
 f2-6' 
r m 
where T is a mean flow temperature, and S is an empirical constant 
related to the gas (7). This form of the viscosity relation yields satis-
factory results and leads to an uncoupling of the momentum equation from 
the energy equation (7). Under this condition, an independent solution 
of the velocity distribution can be obtained without involving the tem-
perature distribution. This result can then be used in the solution of 
the temperature distribution. The specific heat at constant pressure, 
c , is assumed to be a specified constant (i.e., the fluid is a calori-
cally perfect gas)* This condition can be eliminated by substituting 
enthalpy for temperature in the results presented in this study. The 
physical co-ordinates of the jets, however, can only be obtained if the 
expression for c is known. The results for the physical co-ordinates 
presented here are for c equal to a specified constant and are not 
9 
applicable to the more general case0 
The unknowns of interest are the velocity, u , and the temper-
ature, T o Since the line y = 0 is either the centerline of the free 
jet or the wall of the wall jet, then at y = 0, v = 0 e The velocity, 
v, can be eliminated from equations (2ol) and (202) by substitution from 
equation (2.3). The resulting equations combined with the above condi-
tion are 
9u _ 1 
Qx 
/ rty 9(oux ) 
3x 
dy 
Qu. _ d_ f du 
6y "" 3y ^ 8y 
(2,7 
01 _ I_ 
8x k 
9(pux ) | _QT 
I o 
6x 9y 
8 I w L L (3UA2 
^ 6y} + c 
P 
2,8 
Since the density is related to the temperature through equation (2o4), 
then equations (2.7) and (2*8) are two equations tor the two unknowns of 
interest, u and T „ The initial and boundary conditions for these 
equations that pertain to the jets studied here are as follows: 
for the free jets, 
initial conditions 
u(x. ,y)= u. (y) and T(x. ,y)= T„ (y) in I n w in-'' I n w 
boundary conditions 
_ n 9u _ 9T _ 
9y 9y 
y = oo, u = 0 and T = T 
for the wall jets, 
initial conditions 
u(xin>y) - u.n(y; and T(x.n,y)= T.^y) 
boundary conditions 
y = 0, u = 0 and T = T or ~ = 0 ? w 9y 
= oo, u = 0 and T = T 
' e 
The temperatures T and T are the exterior fluid temperature and r e w 
wall temperature, respectively, and are constants for the case of a 
particular jet. The boundary condition that the slope of the temper-
ature at the wall is equal to zero describes the adiabatic or insulated 
wall case. 
Transformation to Incompressible Form 
The compressible flow problem can be simplified through a trans-
formation of the physical co-ordinates as demonstrated by Howarth (6)° 
Let 
X = ex (2,9) 
Y = | ' *- dy = I -=r- dy (2.10) 7 
~o r r *"o 
be the new co-ordinates. As shown in Appendix A, equations (2„7) and 
(2.8) under this transformation combined with equations (2,4) and (2,5 
become 
au. _ i__ 
8X vk 
rr Q u ^Y a(uXk) | 8u 
o 9X J 9 Y " " P r 9 Y
2 
'2.11) 
91 _ _L_ 
ax vk 
' a(uxk) | aj _ ^r afT 
9X 6Y "" D .,,2 
r 8Y r p 
If) 2=12 
The boundary and initial conditions for equations (2.11) and (2.12) In terms 
of X and Y are the same as those for equations (2 = 7) and (2 = 8) in 
terms of x and y «, Equation (2.1l) is identical to the momentum equa-
tion of an incompressible flow with a constant viscosity if X and Y 
are the physical co-ordinates of the flow. It can be solved independently 
for u(X,Y). This solution can then be used in equation (2=12) to obtain 
T(X,Y)0 The velocity and temperature distributions can be expressed in 
terms of the physical co-ordinates of the jets ty inverting the transfor-
mation equations (2-9) and (2.10), That is 
X 







combined with equation (2=6) for the Chapman constant, c, yields the physi-
cal co-ordinates of the jets. The transformed compressible co-ordinates, 
X and Y , will hereafter be referred to as the incompressible co-ordinates 
Transformation to Two-Dimensional Form 
It is not necessary to solve the equations of viscous flow for both 
the two-dimensional and radial flow conditions, A transformation of the 
independent variables, as shown in Appendix A, allows both the two-
dimensional and radial problems to be solved simultaneously. Let 
s 
x2k+l _ x2k+l 
in 
2k+l 
( 2 . 1 5 ; 
z - XkY (2,16 
where X. is the initial axial location in the incompressible co-ordi-
in y 
nateo Under this transformation, equations (2»ll) and (2d2) become 
u ^ - i f f - o A ^ * - ^ (2-i? 
as J0 as az Pp 2 
Z 
j | i / r M 
as 
f fidz|^=^5!l + - ^ | ^ ) Z (2.18) J 3s 8z H -, 2 p c \Qz I Hr dz ^r p 
The variable k doet not appear in equations (2.17) and (2»18)o Further, 
these equations are of the same form as equations (20ll) and (2.12) for 
k = 0 (i.e., the two-dimensional flow case), The initial and boundary 
conditions in terms of these new co-ordinates are identical to those of 
the incompressible two-dimensional problem-
As a consequence of this transformation, only the two-dimensional 
cases need to be investigated, since solutions to the radial problems 
can be obtained directly from solutions to the two-dimensional problems 
with the aid of equations (2«15) and (2ol6)« This same correspondence 
can be obtained as a special case of the Mangier transformation, which 
transforms the axisymmetric boundary layer equations into approximately 
equivalent two-dimensional equations (9)0 In fact, Riley used the Mangier 
transformation to show that the asymptotic solution for the radial wall 
jet could be derived from the two-dimensional solution (10). Unlike the 
general Mangier transformation, however, the transformation for the ra-
dial flow case, as developed herein, is exact and does not require that 
the thickness of the viscous layer be small compared to the radial dis-
tance to a point in the flow. The radial flow transformation is parti-
cularly significant, since for any given initial velocity and temperature 
condition there exists an infinite number of problems corresponding to an 
infinite number of initial radial distances to the initial condition* All 
of these, however, map into the single two-dimensional solution through 
equations (2»15) and (2„16). 
The transformations of compressible flow (equations (2.9) and (2„10)) 
and of radial flow (equations (2.15) and (2.16)) can finally be combined", 
to give a single set of equations relating the physical co-ordinates of 
two-dimensional or radial compressible tlows to the transformed co-ordinates 
of equations (2.1?) and (2.18). These final transformation equations are 
(cx) 2 k + 1-(cx.) 2 k + 1 
s- ^TT11 < 2 ° 1 9 > 
y T 
z = (cx)k f ^ dy (2.20) 
Jo 
where x and y are, again, the physical co-ordinates of the flow0 The 
co-ordinates s and z will, hereafter, be referred to as the transformed 
co-ordinates. Solutions of equations (2«19) and (2.20) for x and y 
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combined with the solutions of equations (2ol7) and (2,18) for u and 
T with the appropriate initial and boundary conditions constitute the 
exact solutions of the jets considered in this study. 
Asymptotic Solutions 
As mentioned in Chapter I, both the free jet and the wall jet 
problems have asymptotic solutions (similar solutions) which correspond 
to the exact solutions of the jets only as the downstream distances from 
the initial conditions become infinite.. These solutions were developed 
in references (l) and (2) for the free jet and in reference (3) for the 
wall jet. They are important to this study as checks on the solutions 
far downstream and as indications of the extent of the development re-
gions covered. Furthermore, the present study is concerned with deter-
mining the upstream limit of applicability of these simple asymptotic 
solutions. These solutions also give rise to some jet conservation in-
tegrals which will prove useful in the a^roximate analysis presented 
later. 
Free Jet 
The asymptotic solution of reference (2) in terms of the present 
nomenclature, and thus for both two-dimensional and radial free jets, is 
given by 
,l/3 / M 
2 \ 1/3 





2(3) T 7^ I ^r 2/3 
(2.21 
where M is the total momentum of the jet from y = 0 to y = co de-
fined by the expression 
15 
u2dz (2o22) 
o rr J 
o 
This integral expression for the total momentum is a measure of the 
strength of the free jet and, as shown in Appendix B, is constant for 
every downstream location along the jet° The value of M is depend-
ent upon the initial condition for the free jet° Equation (2.21) is ii 
terms of M and, therefore, the results from this expression depend 
upon the initial condition of the jet. This dependence can be removed 
by defining the following dimensionless variables: 




p u, u 
# r r r r 





#_ r r 
zf~ M " z 
o 
In terms of these variables, equation (2o2l) becomes 
(2.23) 
fall Jet 
The asymptotic solution of reference (3) in terms of the present 
nomenclature, and thus for both two-dimensional and radial wall jets, is 
16 
g i v e n by 
( 5F 
, 2 V r S 
1/2 
f ' ( t i ) (2o24) 
where 
5p F \ 1/4 
r 
32 Li S 
n r 
( 2 . 2 5 ) 
The function f'(n) is given by the expressions 
and 
i • in ) - — gu-g 
-. r 
n - iog 
i - g 
3 tan g 
2 + g J 
The F r e l a t i o n in e q u a t i o n s ( 2 . 2 4 ) and (2»25) i s g i v e n by 
CO CO 
F = p u u d z d z 
o z 
( 2 . 2 6 ) 
Glauert (3) shows that the F relation remains constant for the wall 
jet at every downstream location along the jet (see Appendix B)„ The 
total momentum of the wall jet is not conserved downstream, as it is 
in the case of the free jet, since there is a shear force on the wall 
17 
The F relation, however, is conserved for the wall jet and serves as a 
measure of the strength of the wall jet in the same manner that the to-
tal momentum serves as a measure of the strength of the free jet. 
The dependence of equations (2,24) and (2„25) upon the initial 
condition of the wall jet can be removed by defining the following di-
mensionless variables: 







/p u3| 1/2 
z = 1 — — I z 
w \ t I 







* 1/4 z" 
- %) -TV? (2-28) 
s / 
w 
The F relation can be used as a conservation integral in 
approximate analyses just as the expression for the total momentum and 
the moment of momentum have been used in the past. It Is applicable 
18 
not only for a wall jet analysis, but with some modification it is use-
ful for other jet-related problems as welL This usage will be demon-
strated later in this chapter0 
The Exact Solution 
The general case of a laminar viscous free jet or wall jet in 
the development region involves a solution of equations (2»17) and (2018) 
for the initial and boundary conditions appropriate for the jeto The 
general method of solution employed here is an implicit finite differ-
ence technique, which previously has been used successfully on a prob-
lem in heat transfer in a finite solid and on a viscous free layer 
problem (ll, 12)„ This method requires a finite range of the normal co-
ordinate,, The z co-ordinate of equations (2„17J and (2ol8) has an in-
finite range and, therefore, must be transformed intc a noimal co-ordinate 
with a finite range. For the jets studied here, a momentum co-ordinate 
serves this purpose,, The transformation employed is 
P nZ 2 
M* = ̂ p [ u dz (2.29) 
o o 
M is, as defined in equation (2»22), the total momentum from y=0 to 
y = co at the particular station downstrearrio The new co-ordinate, NT , 
is a dimensionless momentum co-ordinate with a range from zero to unity. 
As shown in Appendix A, equations (2»17) and (2d8), for either the free 
jet or the wall jet in terms of this new co-ordinate, become 
M 2 
o au 2 a 
^ ; u ^ u 9M* 
2 au 
aM 
( i - M ) 2 du_) 






o £1 2 a 2 aT 
— — u = u — u •"—• 
P/r 9S 9M* I 8M* 
+ (1-M tt ̂  
2 au 
9 M 'M*=O 
'2.31) 
- u 
au "1 f)T_ i ( 2 au 
•"—7 u -"-̂  + — u •"— 
Q M * J aM' c p I aM* 
where 
M2 = M2 - 2p u 





The remainder of this section will be devoted to the methods of solution 
of equations (2.30), (2.3l), and (2.32) for the cases of the free jet and 
the wall jet. 
Free Jet 
The boundary condition at y = 0 for the free jet is 
3u) 
ay I y=0 
' 2 « 
u au 
l M o aM* M*=0 
= 0 
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Using this expression in equations (2,30), (2.3l), and (2.32) gives 
M o Qu 2 9 
u — -: u 
aM' 
p u 9s K r r 
2 9u I 3 f 9u 
u - u —— 
I aM- aM' 
2.33 
9T 2 9 / 2 8T \ 3 9u 3T 
u T — = u 
[i as r' r 8M 
- u 





/ 2 au 
u -— 
\ aM' 
It is convenient to introduce the following dimensionless variables as 













where h is the enthalpy based on the reference initial conditiono In 
r 
terms of these variables, equations (2o33) and (2»34) become 
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* 9u _ *2 9 
u ~ u —; 
9 s p 9M' 
*2 9u *3 I 9u 




. V- rs TT* * 9T" *2 9 *2 9T *3 8u* 9T' u = u u — — I - u — + 2 
8 s* QM* I QM / 9M* 9M* 
:2 9u : 
QM7 
(2„36) 
with initial and boundary conditions 
u*(0,M*) = u* (M*), T*(0,Nl*) 
in 
- Tc (M* 
in ' 
n *2 9u
/r *2 9T' n = 0, u = u ——- ~ 0 
9M* QM* 
^k 
M'f = 1, u" = 0 and T =• T 
The transformed normal co-ordinate, from equation (2.29), is 
f M 
u i M * ,»„* 
r r k _ p dM 
X Y *2 
o u 
(2.37 
The physical normal co-ordinate, from equations (2o20) and (2»29), is 
given by 
2h u 2 
r r / \k * I _ 





when combined with equation (2.37)„ 
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Momentum Equation. The momentum equation for the free jet (equa-
tion (2.35)) is simplified somewhat if the dependent variable, u'f, is 
#3 
changed to u » Let 
% # 3 
v = u , 
and equation (2*35) becomes 
a * a 2 * l / a * 
Qv _ * 6 v _ l_ I ov 
9sf " " 9M*
2 " 3 U* 
(2.39 
for the free jet in terms of the new dependent variable. The initial 
and boundary conditions for (2.39) are 
v*(0, M*) = v? (M*) 
7 in 
M = 0, iLiL - 0 
7 J' 
M'f = 1, v' = 0 
Solutions to equation (2o39) are obtained through an implicit 
finite difference technique using a forward difference in s" and an 
averaged central difference in M' . The grid is varied in both the s* 
and M' directionso A very fine increment of s (10 ) is used for s' 
close to the initial condition^, This increment is progressively in-
creased as the solution proceeds downstream. The grid in the M* co-
ordinate is one hundred equal increments through the layer with the 
last grid increment subdivided into one hundred additional equal increments 
23 
in order to obtain a better solution as y—*-co0 
The details of the finite difference approximation to equation 
(2o39) are presented in Appendix C. The difference approximations 





^ i , j + l 
v* j A s : 2 o 4 0 ) 
9v 1 \ i % * * 
' K V - , n --LT + V - . 1 • " V - • . 
s * 4AM* L
 1 + 1 ' J + 1 1 + 1 > J X ' J + 1 X ' J 
- v ( 2 . 4 1 ) 
2 : 
9 v 
+ ( v . . . . + v . . - v . , .J.1-V. -, .J / B 
1 , J + 1 1 ,J 1 - 1 , J + l 1 - 1 , J ' H 
(v, + V 0 
.a + B A 
*2 I i + l , j + l v i + ' i , j ' i , j + l " i , j : j /a 
( 2 o 4 2 ) 
I , J + 1 i , J i - l , j + l l - l , J / r J 
where As* is the downstream increment, AMrf is the smallest increment 
in the momentum grid, 10 ' , i is the Mf index, j is the s* index, 
and the momentum grid control variables, a and B , are 
a - 100 for 0 < i < 100 
a = 100,p=l for i = 100 
a = B = 1 for 100 < i < 199 
The j conditions in these expressions are the known conditions at the 
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previous s£ station, and the j + 1 conditions are the unknowns ex-
cept at the boundarieso The non-linear coefficients of equation (2.39) 
are approximated by the values at the previous s* station initially 
then improved through averaging the values at the previous si station 
with the newly computed values and iterating until the change is less 
than one per cent of the previous value. Equation (2o39) in difference 
form then becomes 
AM*2 
v . . , n - v A ii V ,  . , — V .
A <? i,j+l i,j 
1 -* f / * , * * * W 
,a+P) l i+l,j+l l+l,J i,J+l i,j ' 
- (v. o , 1 + v. .- v. . -v . /B 
i?J+l i,J l-l,j+1 l-l,J • 
v: n - v j / a + (v; - v. 24 j x i+i i i-1 
I+I,j+1 i+i,j i,j+l i,j i, 
'• AC 
+ V - V 
j+1 i,j i-1,j+1 
Vy'/^j 
where the bars indicate the averaged variables in the non-linear coeffic-
ients which are improved through iteration. Simplification of this equa-
tion yields 
Vi, j + i
+ A ( i > j K ) J + i
+ ^ . J K + i . j + i = c{i>^ ( 2 -4 3 
'here A(i,j), B(i,j), and C(i,j) are known functions of the previous 
step in s* and iteration., This equation is considered at every inter-
ior grid point yielding 198 simultaneous equations for the 198 unknown 
v? ....<, The matrix of coefficients governing these equations is tri-
diagonal, however, and so subject to a relatively quick and easy solu-
tion0 
Energy Equation., The energy equation in transformed co-ordinates 
(equation (2=18)}is linear in temperature- Then, solutions of this equa-
tion expressed in terms of the incompressible transformed co-ordinates 
can be added linearly to obtain new solutions.. The linearity property of 
the energy equation allows many results to be obtained from relatively 
few solutionso 
Crocco has shown that if the Prandtl number equals unity, a solu-
tion of the energy equation exists of the form expressed by 
T* = C_ + C_u* (2.44 
o i 2 
where C and C are constants depending on the initial and boundary 
conditions of the energy equation (13, 14)0 The momentum equation still 
must be solved for u'c , but with this solution, equation (2„44) will 
furnish solutions to the energy equation for particular initial and 
boundary conditionsc In particular, if the initial and boundary condi-
tions on T* are exactly the same as those on u'f , then equation (2„44) 
yields 
T = u 
o 
or in terms of the static temperature, 
T = u (1 - u ) (2.45 
Further, if the initial and boundary conditions on T are unity, then 
equation (2.44) yields 
I* = 1 
0 
or in terms of the static temperature, 
* % 2 / 
T = 1 - u 2 
Equations (.2.45) and (2c46) combined with the solution of the momentum 
equations are useful solutions for the temperature distributions in both 
free jets and wall jets. 
Additional solutions of the energy equation for initial and bound-
ary conditions other than those of the Crocco soiu'ions can be obtained 
through a numerical solution o\ the energy equation given by equation 
(2o36)o This equation is simplified somewhat if the solutions are car-
ried out in terms of the stagnation temperature, 
1 2 
T = T + ~ - u 
o 2c 
P 
rather than the static temperature,. The dimensionless form of the stag-
nation temperature is 
x % „ o 
T = T + u" 
o 
* %3 
Further, the dependent variable, T , is transformed to T as was 
done with u* in the momentum equation,, Defining 
e* = T*3 
o 
equation (2.36) in terms of v* and 9* becomes 
M : , v* 
,2„* 
+ i 
si aM*2 3 
8v* _ 7 v* ae* \ ae* 
aM e awi / aM 
(2.4' 
The initial and boundary conditions for equation (2„47) are 
eMo,M ) = e. (M j 
M = 0, 
aM 
= 0 
M = 1, 
e 
The details of the finite difference approximation to equation 
(2.47) are contained in Appendix C=, The difference approximations used 
for the derivatives are those given by equations (2o40), (2„4l), and 
(2 = 42) with v* replaced by 0'r„ The resulting difference approxima-
tion to equation (2=47) is 
.* j + 1 + A(i,j) 9« > j + 1 + B(i,j) e* + l j j + 1- C(i,j) (2.48 
where the A(i,j), B(i,j), and C(i,j) are known functions of the previous 
>$. % % * 
step in s' and iteration, and 9. , , ,, , 9. -.M , and 9 „ , , . ,-, are K ' i-l, J+1 i>J+l l+l,J+1 
the unknowns. Equation (2.48) is considered at every interior grid point 
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to yield a set of simultaneous equations for the 
Wall Jet 
i,j+l 
It Is convenient to introduce the following dimensioniess vari-
ables as suggested by the asymptotic solution: 
2 
0 U U 
* r r r 
s = ~T~— s w r 
M 










for the constant temperature 
wall case 
or 
2h T - T 
T = for the adiabatic wall case 
The temperature variable for the constant wall temperature case is chosen 
to remove a singularity at the wall* The variable F is defined by 
equation (2*26)* Then, equations (2.30), (2o3l), and (2,32) become 
* 2 
Mo -;, 9u* *2 5 | *2 3u* | 
—7— u —— = u ——r u —— + 
F as 3M \ 3M* / 
w 
*s I * 2 a u * 
1-M u 
awi ) M*=0 
- u 
* 2 8u' * du (2, 
M * , # t 
0 u * aj_ = u*2 _a_ 1*2 dj_\ + 
F 9M \ QM' 
*x * 2 au «• 1 
11-M ) u 
aM M*=0 
- u 
*2 du' y* H i + 2 (u*
2 — ' (2.50) 
8M J 3M 
J/c 
#2 * 
M = 1 - 2F 
o 
L*2 3u 
u' ds * ... w 
0 [ 3M -' M =0 
2.51 
The initial and boundary conditions for the wall jet are 
u*(0,M*) == u*n(M*), T (0,M ) = T„ (M 
^ = 0, u* = 0 and fC = 0 or u*2 - ^ = 0 
# *. * % 
M = 1, u = 0 and T - T 
The transformed normal co-ordinate, from equation (2029)>is 
w 
p2u3 
K r r 
I F 
1/2 
X kY = 
/„*xl/2 











(cx) y-zw / c*Tv2 J *2 
(.F ; co u ' 
• M ( T T r ) « 
— dM (2.53) 
when combined with equation (2«52)o 
Momentum Equation. The dependent variable of the momentum equa-
tion for the wall jet (equations (2„49) and (2„5l)) is transformed from 
u to u as was done for the free jet. Again, let 
* #3 
v - u 
and equations (2.49) and (2 .51) become 
M 
*2 
a I 0 OV 
= V 
-2 * 




 + 3 
( 1 - M ) l&l 
I * I * aM / M =o 
(2.54) 
6M 3M* 
#2 2 * P w Qv , * 
I —IT d s 
o 1 3M / M =0 
2.55) 
The initial and boundary conditions on equation (2.54) are 
v (0.M = v? (M 
' in 
M = 0, v = 0 
32 
M = 1, v = 0 
The transformation from u to v is necessary for the wall 
jet in order to remove a singularity at the wall (i.e., at z =M =0)„ 
Under the momentum transformation, the derivative of the velocity with 
respect to the transformed normal co-ordinate at the wall is given by 
8u* | a F*l/2 1*2 du* I 
3z* / z*=0 I 3M* / M*=0 
(2.56 
Since there is a shear force on the wall, the left hand side of this 




This derivative occurs in equations (2,^9), (2„50), and (2.51) for the 
wall jet. A finite difference technique, however, requires that the de-
rivatives are always finite. Equation (2.56) for the derivative at the 
wall in terms of v is 
a F*i/2 L*2&£\ = F*i/2if£!. 
z*=0 I aM*/M*=0 3 I 3M* / M*=0 az / 
The derivative in terms of v remains finite since F f 0, and this 
condition on the difference approximation is satisfied for equations 
(2.54) and (2.55). 
Solutions to equation (2.54) for various initial and boundary 
32 
conditions are obtained through the implicit finite difference technique 
•ft 
described for the free jet* Again, the grid is varied in both the s 
* # • - 8 - % 
and M directions. A very fine increment of s (10 ) is used for s' 
close to the initial condition and this is progressively increased as 
/ ( • 
the solution progresses downstream,. The M co-ordinate grid is one 
hundred equal increments, with both the first and last grid increment 
subdivided into one hundred equal increments in order to obtain a better 
solution at the wall and as y-*-oo. 
The details of the finite difference approximation to equations 
(2.54) and (2.55) are presented in Appendix Co The difference approxi-
mations for the derivatives are the same as those used on the momentum 
equation of the free jet (equations (2o40), (2.4l) and (2o42)), and the 
result is a set of simultaneous equations of the form of equation (2»43) 
for the v'! 
Energy Equation. The Crocco solutions o!: the energy equation for 
the free jet, given by equations (2*45) and (2c46), apply also to the 
wall jeto Results for other initial and boundary conditions are obtained 
through a numerical solution of equations (2.50) and (2o5l)c As in the 
case of the free jet, the dependent variables, u% and T , are trans-
formed to 
y * 3 
•k _ /<• ^J 
V = U 
and 
0 = T ° 
0 
where 
* * #2 
T = T + u 
o 
is the dimensionless stagnation temperature. The transformation to 
0 again removes a singularity at the wall. Equations (2.50J and 
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(2o58) 
The initial and boundary conditions on equation (2=57) are 
9*(0,M*) = 0? (M*) 
= 0, 0 = 0 or 
9M 
- 0 
M = 1, > = 9 e 
The details of the finite difference approximation to equations 
(2.57) and (2.58) are presented in Appendix C. The difference approxi-
mations of the derivatives are the same as those used for the momentum 
equation (equations (2.40), (2„4l), and (2,42)) with v* replaced by 
The result is a set of simultaneous equations of the form of equation 
(2.48) for the 9* .,, = 
i ? J"*" i 
The Approximate Solutions 
A solution of the momentum equations for the free jet and the wall 
jet can be obtained through an integral technique much easier to solve 
than the finite difference scheme used in the exact solution,, The free 
jet and wall jet with initially uniform velocity distributions are treated 
as examples of the method* The object of these examples is to illustrate 
a use and to explore the accuracy of the simple integral method* The ve-
locity distributions are approximated by simple polynomials which are se-
lected to satisfy boundary conditions as well as the total momentum inte-
gral defined by equation (2.22) and the F integral defined by equation 
(2.26). 
Free Jet 
Figure (2) defines two downstream regions (region (l) and region 
(il)) of the development of a free jet with a uniform initial condition 
In region (i), the maximum velocity of the jet does not change from its 
initial value.. The viscous layer develops as a free layer at the exter-
nal fluid boundary. As the jet development continues downstream, the 
free layer grows until it reaches the jet centerline. At this point, the 
maximum velocity of the jet begins to decay, and the development is no 
longer that of a free layer* Here, region (i) ends and region (il) be-
gins. Whereas region (i) can be treated as a free layer flow, region 
(il) must take account of the decay of the maximum velocity« These two 
regions of the jet development will be treated separately. 
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Region (i). The velocity distribution in the viscous layer of 
region (l) is assumed of the form 
- b = A 
U 
r 
/ z - 5 z - 5 + C z - + D (2,59 
where 5 is the transformed thickness of the constant velocity region 
of the jet, &, is the transformed thickness of the viscous layer, and 
the constants A, B, C, and D are selected such that the following 
boundary conditions are satisfied: 
b, 
b u 





u r ) 
— r — — = 0 
z = 5 + 5b, 
u. 9(u,/u ) 
b b r 
6z 
= 0 
The expression for the velocity with these boundary conditions then be-
comes 
z.- 5 - 3 z -- 6 
b 
+ 1 (2.60) 
The unknown quantities & and &, are obtained from the integral mo-
mentum equation and F relation over the viscous layer. 
As shown in Appendix B for the free layer, the integral momentum 
equation is given by 
M 2 fM 9 
— = (d - b)u = ufdz (2.61 
Pr r J6 b 
and the F relation is given by 
in p p 2 , , , L rr 2 
u, u, dzdz + — ~~ u s 
2 J b J b 2 p r 
i o z *r 
r 
From the j e t i n i t i a l cond i t ion , 
F - ^ ^ O T O O 
u u dzdz = — u d 2 JQ r Jz r 
r 
and the F relation becomes 
- Li 1 3 ^ 2 r p 2 , ^ i ^ r 2 . , 
— u d = u, u, dzdz •+ — — u s (2.62J 
2 r J b j b 2 p r 
o z r r 
Equations (2.61) and (2c62) can be integrated for the velocity distribu-
tion given by equation (2o60) and then solved simultaneously to obtain the 
solution.for & and b for the free layer, or region (i) of the free 
jet of Figure 2, The results are 
1/2 
bh ( [L \ 
~T = 8.518 — — MM (2.63 
d p u s / \d 
* r r r ' 
T = 1 - 3.164 
p u s 
r p r 
1/2 
2.64 
Region (il). The condition that 5 = 0 in equation (2.64) de-
termines the distance downstream such that the jet maximum velocity be-
gins to decayo This point then marks the end of region (i) and the be-
ginning of region (ll)« The velocity distribution of region (il) is 
again assumed to be a cubic of the form 
^— = A(f-)3 + B(^-)2 + C(T-) + D 
u b , 6, 5-i 
max b b b 
(2065 
with the boundary conditions 
z = 0 
z = 1, 
i, a(u,/u ) 
b n , b max „ 
= 1 and —-—• - 0 
max 
u, (Hu,/u b v max 
= 0 
max 
where u is the maximum velocity in the jet, and &, is again the 
max ' ' b 3 
transformed thickness of the viscous layer. The expression for the ve-
locity distribution satisfying these boundary conditions is 
^ - = 2 (^)3 - 3(^f + 1 
U & 1 0 , 
max b b 
(2.66) 
In this region, the integral momentum equation is 
M 
^ = u2d = 
Pr r 
2^ u, dz 
b 
(2o67 
and the F relation is (see Appendix B), 
F. 
in 1 3^2 
2 U r d 






Equations (2.67) and (2.68) can be integrated for the velocity distribu-
tion given by equation (2.66) to obtain the solution for region (ll) of 
the free jet of Figure 2S The result for the two unknowns, u and 
3 ' max 
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These expressions hold from the start of the decay of the maximum velocity 
on downstream. 
Wall Jet 
The wall jet is analyzed in a similar manner. The result, however, 
is more complicated. The wall jet development from a uniform initial ve-
locity condition on downstream is illustrated in Figure 3* Again, the 
flow is divided into two regions: (i) the region from the initial condition 
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Figure 3. Illustration of the Development of a Wall Jet From a Uniform Initial Velocity 
Distribution. 
o 
until the maximum velocity begins to decay and (II) the region from the 
point of Initial decay of the maximum velocity on downstream*, The veloc-
ity profile in region (i) develops as a boundary layer next to the wall, 
and as a free layer for y-»-oo „ Region (i) ends, and region (il) begins 
when the free layer and boundary layer merge, and the maximum velocity 
begins to decay0 
Region (i). An integral solution for the boundary layer is ob-
tained by assuming a velocity distribution of the form expressed by 
-§- = A ( — ) 3 + B(^-) 2 + C ( — ) + D 
subject to the boundary conditions 
z = 0, 
*Ur 
Ur "QzZ 
z = 1, 
u 1 u 
a i J • r 
— = 1 and — = 0 
u 3z 
r 
and requiring that this profile satisfy the momentum integral expressed 
as 
— = 6 u = 
2, + ^ r
s au; 
u dz + — — 
a p J Qz 
o rr o 
ds 2o71 
The equation for the velocity profile becomes 
—^ = — (—) - — (z )3 
u 2 {b ' 2 Kb ' 
2.72 
and the integration of equation (2.7l) for this velocity distribution 
yields 
~T = 4,64 d 
/ H-
p u s 
\ rr r 
1/2, 
(2.73) 
for the thickness of the layer (l5)» The solution for the free layer is 
the same as that which was derived for region (i) of the free jet (equa-
tion (2o63) and (2.64))„ 
Equations (2o64) and (2.73) can be used to find the distance down-
stream such that the boundary layer and free layer solutions merge. That 
is, the distance downstream such that 
&a
 = b (2,74) 
This distance then determines the division between region (l) and region 
(II) of the wall jet= 
Region (ll)Q The solution of region (II) is obtained by dividing 
the velocity distribution into two parts: the boundary layer type of 
flow (from the maximum velocity to the wall) and the free layer type (from 
the maximum velocity away from the wall). These two solutions are patched 
together at the point of maximum velocity. The boundary layer velocity 
distribution of equation (2*72) with u replaced by u is used for M r max 
the part of the layer next to the wall. The free layer velocity distri-
bution of equation (2.60) again with u replaced by u is assumed 
M . ^ r r ; max 
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for the part of the layer away from the wall. These velocity distribu-
tions are 
max 
_3 /Z • 
2 l5 ' a 
1 (z_)3 
2 Kb ' 
(2.75) 
and 
z - ' z -
max 
= 2 - 3 
b / 
+ 1 (2 c 76 
where u and u, denote the velocity distributions of the boundary 
3 JO 
layer and free layer portions of the wall jet, respectively, Together 
they represent the velocity distribution of the wall jet. The three un-
knowns, u , 6 i and 5, are found from equations expressing the 
' max ' a ' b M K ^ 
F relation and momentum integral for the entire wall jet and the mo-
mentum integral for the free layer portion oi the wall jet° These equa-
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u, dz = - u —r- u dz 
b max ds I J a 
(2,79 
Integration of equations (2.77), (2.78), and (2.79) for the velocity 
distribution of equations (2.75) and (2.76) yields, after simplifications, 
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0.028358 + b,5906 
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U 1 1 6 
max/ I a 
(2.82) 
These three equations relate the three unknowns 5 , 5 , , and u 
^ a b max 
After solving region (i) for the initial conditions in region (ll), this 
solution for region (II) can be solved easily with an explicit finite 
difference technique. Equation (2.80) is first solved for —si using 
the known values at the previous s station for all the variables. Then, 
du 
equation (2.8l) can be solved for — ~ ~ — using the result of equation 
(2.80) and the known values at the previous s station for the other 
variables. These two expressions can then be integrated to obtain h 
and u at the new s station, and equation (2.82) is solved for &, 
max ' M b 
This process can then be repeated step by step downstream. The details 
45 
of the individual approximate solutions used in these analyses are pre-
sented in Appendix Da 
CHAPTER III 
EXPERIMENTAL APPARATUS AND PROCEDURE 
The experimental apparatus was designed to generate a two-
dimensional laminar wall jet of air and to allow measurement of th;: 
velocity distribution of the jet at various axial positions* The ve-
locities were computed from Bernoulli's equation for compressible flow= 
These results were compared to the results of the exact solution and 
were used to determine the approximate location of transition from a 
laminar to a turbulent wall jet for the one case studied, 
The laminar wall jet can only be obtained for a very low Rey-
nolds number. Also, for the most accurate determination of the veloc-
ity distribution, the dynamic pressure in the jet must be maintained 
as high as possible* Further, to avoid supersonic expansion the Mach 
number at the nozzle exit must be maintained less than unity. The con-
dition of low Reynolds number for highest possible dynamic pressure 
under subsonic flow conditions was met by reducing the density of the 
air (i.e.j by operating the jet under a partial vacuum inside of a vac-
uum tank). The jet issued from a chamber at a pressure of 0.0944 pounds 
per square inch into the vacuum tank at a pressure of 0.0511 pounds per 
square inch. These pressures were maintained by continuous pumping, and 
the jet was studied under a steady state condition. An illustration of 
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Figure 4. Illustration of the Over-All Physical Size of the Experimental Apparatus. 
Equipment and Instrumentation 
The air forming the wall jet passed from the atmosphere through 
a valve, termed the jet valve, into a forty-three inch length of two-
inch inner-diameter pipe. This pipe served to dissipate the velocity 
of the air entering from the atmosphere. The air flowed from this pipe 
into a forty-two inch length of six inch inner-diameter pipe termed the 
chamber. A series of wire mesh was installed in the chamber to stralghte 
the flow and act as a turbulence damper. The flow passed out of the 
chamber through a nozzle which forms the two-dimensional jet. The con-
struction of the chamber and nozzle is illustrated in Figure 5. The 
nozzle exit was rectangular with a height of one quarter of an inch and 
a width of four inches. The nozzle was located in one port of the vac-
uum tank, and a valve, termed the bleed valve, was located in another 
port of the tank. A flat plate extended from the nozzle exit,downstream 
and served as the wall of the wall jet, Vertical side walls were mounted 
on the plate parallel to the flow to form a three inch channel in the 
middle of the jet. The channel preserved the two-dimensionality of the 
wall jet. The entire system was pumped down and held under the condition 
of a partial vacuum at constant pressure throughout the test by continu-
ous pumpingo The pressure inside the tank was measured by a McLeod gauge 
and the pressure difference between the tank and the chamber was measured 
by a micromanometer using a silicon oil as the manometer fluid. These 
two pressure measurements were held at specified values during the test 
by properly adjusting the jet and bleed valves, A thermometer located 
outside of the tank measured the temperature of the air before it entered 
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Figure 5. Illustration of the Chamber and Nozzle of the Experimental 
Apparatus. 
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The probe used to measure the jet total pressures was made of 
O0OI8 inch inner-diameter aluminum tubing with a 0.007 inch wall, which 
was flattened to give an approximately rectangular opening OoOOS inches 
in height and 00025 inches in width. The probe was attached to a 0.1 
pounds per square inch maximum pressure differential Uitradyne variable 
reluctance differential transducer which was referenced to the pressure 
in the vacuum tank. The transducer was mounted on a traversing mechan-
ism which allowed motion in the directions parallel and normal to the jet 
flow. The location of the probe, for these two degrees of freedom, was 
controlled by a hydraulic system operated from a pump, which was located 
outside of the tanko A variable-resistance potentiometer, contained in 
one leg of a Wheatstone bridge, was used to measure the location of the 
probe in the vertical direction The longitudinal position ?i the probe 
was calibrated in terms of the longitudinal distdnce traversed by each 
full stroke of the hydraulic pump. 
Calibra.tion and Procedure 
The pressure transducers were calibrated using a micromanometer. 
Checks of the transducers under both vacuum and atmospheric conditions 
did not reveal any effect of vacuum, so the transducers were calibrated 
outside of the tank under atmospheric conditions and then installed for 
the tests. The pressure measurements were repeatable within an accuracy 
-5 
of 7 x 10 pounds per square inca. The calibration of the positioning 
potentiometer allowed the determination of the probe within approximately 
0.02 inches. The hydraulic pump stroke calibration allowed the determi-
nation of the longitudinal position of the probe within 0»05 inches^ 
The pressure measured by the probe under the low density flow con-
ditions was not the true total pressure of the stream but a value greater 
than the true total pressure. A calibrated correction of the total pres-
sure was obtained for the probeu A one inch diameter circular nozzle was 
constructed for these calibrations to maximize the core of isentropic 
flow in the nozzle. The probe was placed in the center of this nozzle, 
and total pressures for a range of Reynolds numbers and Mach numbers'were 
measured. These pressures were compared with the measured chamber pres-
sure, and correction curves similar to those presented in reference (16) 
were obtained for the probe and included in the reduction of the experi-
mental data. The correction factoi was dependent upon the Reynolds number 
but not the Mach number for the range of conditions considered in this 
study. The magnitude of the corrections was around 2 per :ent of trie cor-
rected pressure, A few corrections were greater but always less than 10 
per cent of the corrected pressure. 
The experimental procedure involved first setting the jet and bleed 
valves to obtain the desired pressure in the chamber and tank as deter-
mined from the readings of the micromanometer and the McLeod gauge. The 
longitudinal position of the probes was then established in the immedi-
ate exit plane of the jet, and the jet was surveyed at arbitrary inter-
vals in the vertical direction. These surveys were repeated at three inch 
intervals longitudinally. All surveys were made midway between the two 
side wails. The pressure measurements were converted to velocities through 
the Bernoulli equation of compressible flow. The static pressures in the 
jet were assumed equal to the tank pressure, and the total temperatures 
in the jet were assumed equal to the temperature of the air before en-
tering through the jet valve0 
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CHAPTER IV 
DISCUSSION OF RESULTS 
Free Jet 
Exact Solutions 
Momentum Equationc The exact solutions of the momentum equation 
for the free jet were carried out for the two jet Initial conditions of 
a uniform Initial velocity distribution and a parabolic initial velocity 
distribution,, Figure b presents the results for the uniform initial ve-
locity distribution in terms of the transformed co-ordinates for various 
downstream locations. Included also are the results from the asym] totlc 
solution for the last three downstream locations (eqjation (2.23))„ The 
asymptotic solution becomes a good approx'mat on to the exact, solution 
only alter the maximum velocity has decayed to approximately one naif of 
its original value. The convergence of the exact solution to the asympto-
tic solution is demonstrated more effectively in Figure 7» In this fig-
ure, the data of Figure 6 is plotted in terms of the similarity variables 
of the asymptotic solution., The asymptotic solution for all downstream 
stations then plots on a single curve, and the exact solution converges 
to that curve for increasing distance downstream (i0e., increasing s'l). 
Figure 8 presents the exact solution for the free jet with an Initially 
parabolic velocity distribution in terms of the transformed co-ordinates 
for various downstream locationso Here again, the asymptotic solution 
is compared to the exact solution for the last three positions downstream 
with qualitatively the same results as presented for the case of a uniform 
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Figure 6. Velocity Distribution for the Free Jet at Several Locations Downstream, 
Uniform Initial Velocity Condition. 
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Figure 8. Velocity Distribution for the Free Jet at Several Locations Downstream, 
Parabolic Initial Velocity Condition. 
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initial velocity distribution0 
A comparison 01 the solutions for the uniform and parabolic ini-
tial velocity distributions are presented in Figure 9o Initially, the 
velocity distributions do not compare well, as would be expectedo How-
ever, tne two solutions approach each other for increasing distance 
downstream. In fact, these solutions compare better with each other than 
with the asymptotic solution presented in Figures 6 and 8, Then, the 
solution for the uniform initial velocity distribution is a better ap-
proximation to the solution for the parabolic initial velocity distri-
bution than is the asymptotic solution* 
This idea udn be generalized by considering the initial conditions 
of the asymptotic solution,. Equation (2.23) predicts a jet with an in-
finitesimal initial thickness and an infinite initial velocity, such that 
the total momentum of the jet is finite„ A jet with a finite initial 
velocity and a specified! total momentum has tne smallest possible initial 
thickness when tne iritiai velocity distribution is uniforms Since the 
jet with a uniform initial velocity distribution comes closest to the 
:nitial condition of the asymptotic solution, then the asymptotic solu-
tion compares better with this jet than with any other jeto A measure 
of +he degree of comparison of the asymptotic solution with any other so-
lution is how well the maximum velocities compare as the jet developes 
downstream. The maximum velocity of the asymptotic solution is always 
greater than that for any other solution since it decays from an in-
finite value. The maximum velocity of tne jet with a uniform initial ve-
locity distribution must be greater than or equal to the maximum velocity 
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Figure 9. A Comparison of the Velocity Distributions for Free Jets with Two Initial 
Velocity Conditions at Several Locations Downstream. 
compares better with the asymptotic soiution than any other jet. Tnen, 
the maximum velocity for the jet with a uniform initial velocity distri-
bution is between the soiution for the jet with any ether initial veloc-
ity distribution and the asymptotic solution^ The maximum velocity and 
generally the entire velocity distribution for a jet of any initial con-
dition compares better with the soiution witn a uniform initial velocity 
distribution than with the asymptotic solution for all positions down-
stream. 
Energy Equation„ The energy equation was solved icr the free jer 
under the initial jet conditions ol uniform velocity and temperature dis-
tributions » The boundary conditions of the external tiuid considered dre 
2h T - T • 
(• \ T* -
 r e . r n 
(i) Te - ~ j — - 0 
u r 
r 
2h T - I 
/ . . \ T
% r e r 
( 1 1 ) T -• — r — — • 1 
U ' i 
r 
These initial and boundary conditions for the free jet correspond exactly 
to those aading to the Crocco solutions of the energy equations (2„45) 
and (2.46), Then 
T = u (1 *- u 
is the solution for case (i), and 
*2 
u 
is xhe soiution for case (ii 
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Figure 10 illustrates tne development ot the temperature distri-
bution lor case '. i.) = In "bis ..:̂ t , Uk1 temperature ct tne jet initially 
i ̂  tne came o = that ot the exterior fluid. As the yelocit"y or The jet 
is distipdted through viscous interaction with the external fluid, the 
kinetic energy ui the jet is converted into thermal energy 0 In the e=tiJ> 
stages of de elopment, only the portion of the jet close to the exterior 
tiuid is affected by i/is.osity, so the temperature rises in the outer 
edge ot the jet while remaining unchanged at the centerline. As ^ne -is-
.uus development of the jet continues, then the entire velocity distri-
bution decays, and the temperature oi tne jet nse= accordingly. The hot 
jtr ^oois oil further down._-:Tream a-, more and more of the cooler external 
uuxd is mixed with the jet fluid. The temperature distribution and 
^omprfcbSioie pnysical v. s- ordinate: ^n terms oi the trar i Lined co-ordinates 
TOI case . i) are presented in Figure^ n ana <.:; . f : J..J - 13 and 14 pre-
sent the borne results for case liij, 
Case (i) involves viscous dissipation with an. external fluid ha -
ing tne same temperature that tht jet had inuialiy. Case iij irciudec 
tne additional eirest of at exterior riuid temperature different from rhe 
initial temperature ot the jet. Since the energy equ .'ion expressed in 
terms of the transformed co-ordinates is linear in. temperature, then tne-e 
solutions can be added iin.eariy to ubtain solutions for durerert exter-
nal fiuid conditions,. For exampie, -suppose 1 he solution of the energy 
equation i- desired fur the dimensionless external fluid temperature equal 
to -1/4 'i.e., a cold external fluid)* Then denoting the solution tor 
^ase ', i) as £0 { and that for ^ase • 1 i ; a; /If* the solution for this ex-
ample ufln oe symbolically expressed a? 
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Here, the first term of this solution expresses tne effect of the vis-
sous dissipation 01 tne jet,, and the second term t'̂ e effect of the cold 
external fluid. Since the transformation to the physisal vO-ordinates 
is Linear in temperature, the physical co-ordinates oi this example can 
be obtained by adding the physical co-ordinates of tne Known solution; 
in the same manner. The solution for other external fluid cnrii^nn 
can be obtained in the same way, 
Approximate Solution 
ihe approximate solution of the momentum equation ::ur the free 
jet is divided into two downstream region^, The region from the initial 
condition to the. point downstream at which the maximum velocity or the 
jet begin.- to de._ay is termed region. (.1), and the region from thai point 
on downstream is termed region (ll)< 
Tne approximate solution in dimensi onless form of the tree jet. 
for region (l) Is 
x* < CIO 
r 
d vTb 
^ = 6* - 8,518x*l/2 
•T36 = 1 - 3oio^x 
for z < 5 then u - 1 
for z > 5 then u = 2 
z* - 5* 3 / Z * ~ 6 *
4 2 
- 3 + 1 
and for region (il) is 
i 
max 
x > 0.10 
2.121{*" - 0.1) + 1 
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max 
r i^.3 . % % 2 -n 
raaxl \^i Wl 
This result is presented and compared to the exact result in Figure 15= 
The solutions compare well for the maximum velocity and general shape of the 
velocity distribution but nut as well for the thickness of the jet= 
Wall Jet 
Exact Solution 
Momentum Equation. The exact solution of the momentum equation 
for the wall jet is presented for the following three initial velocity 
conditions: (i) a uniform distribution, (ii) a parabolic distribution, 
and (iii) one half of an asymptotic free jet distributiono As in the 
case of the free jet, the solutions are presented in terms of the trans-
formed co-ordinates for various downstream locations in Figures 16, 17, 
and 18. The velocity decay before the asymptotic solution becomes a good 
approximation to the exact result is greater in the case of a wall jet 
Figure 15. A Comparison of the Approximate and the Exact Velocity Distributions for 
the Free Jet at Several Locations Downstream, Uniform Initial Velocity 
Condition. 
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Figure 16. Velocity Distributions for the Wall Jet at Several Locations Downstream, 




Figure 17. Velocity Distributions for the Wall Jet at Several Locations Downstream, 
Parabolic Initial Velocity Condition. 
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Figure 18. Velocity Distributions for the Wall Jet at Several Locations Downstream, 
Asymptotic Free Jet Initial Velocity Condition. 
than in the case of a free jet. In these cases, the two solutions com-
pare well only after the maximum velocity has decayed to about one third 
of its original value» Figure 19 presents' the solution for the uniform 
Initial velocity condition of Figure 16 in terms of the similarity vari-
ables of the asymptotic solution for various downstream locations., In 
Figure 19, the asymptotic solution for all downstream locations plots 
on a single curve, and the exact solution approaches this curve for in-
creasing distance downstream^ 
In Figure 20, the solutions with the parabolic and one half of an 
asymptotic iree jet initial velocity distributions are compared with the 
solution with the uniform initial velocity distribution. These solutions 
compare better with the uniform initial condition than with the asympto-
tic solution shown In Figures 17 and 18= The initial condition of the 
asymptotic wall jet solution is an infinitesimally thin jet with an in-
finite velocityo The argument prt sented In the case of the free jet ap-
plies as well for the wall jet, and thus the maximum velocity, and gener-
ally the entire velocity distribution, for the wall jet compares better 
with the solution with a uniform initial velocity distribution than with 
the asymptotic solution 
The wall shear is of practical interest and in dlmensionless form 
:s expressed by 
T 
tt_ 
2 2 2 5, x2k 
c pT.\iT url u ) 
1/2 
T ~ M 
az' z =0 
This quantity is plotted in Figure 21 versus the downstream location 










Figure 19. Velocity Distribution for the Wall Jet in Terms of the Similarity 












Figure 20. Comparison of Velocity Distributions for Wall Jets With Various Initial 
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velocity conditions treated are a uniform, triangular, and one half of 
an asymptotic free jet with the velocities for z = 0 equal to the 
maximum velocity in each distribution. Included on the plot are the 
results from the Blasius boundary layer solution and the Glauert asymp-
totic solution. The wall shear for the three cases presented in Fig-
ure 21, as well as for any other case with the maximum initial veloc-
ity at z = 0 , are limited by the Blasius solution near the initial 
condition, since the initial development next to the wall is that of a 
boundary layer, and are limited by the Glauert solution far downstream., 
The wall shear for uniform and triangular Initial conditions forms a 
narrow band between the two limiting solutions. The wall shear for all 
wail jets with initial conditions geometrically between the uniform and 
triangular conditions will be contained within this bando This correla-
tion holds for many wall jets with initial conditions not geometrically 
between the uniform and triangular conditions* An example of such a 
case is the half of an asymptotic free jet initial condition presented 
in Figure 21. In fact, the wall shear for this case is approximately 
midway between the uniform and triangular initial condition cases. Then, 
a mean wall shear distribution, such as that shown by the one half of an 
asymptotic free jet case, will serve as a good approximation to the wall 
shear in the development region for wall jets with a wide range of ini-
tial velocity distributions. 
Energy Equation. The energy equation for the wall jet was solved 
with the jet initial conditions of uniform velocity and temperature dis-
tributions. Several more cases for the wall jet were considered than for 
the free jet because of the additional freedom introduced by the boundary 
conditions at the wall. If the wall is adiabatic, then the dimensionless 
temperature is the same as for the free jet, i.e., 




The boundary conditions considered are 
i T = 0 
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For the case of a constant wall temperature, the dimensionless temper-
ature is 
2h T - T 




The boundary conditions considered are 
(ili) T = 0 
' 0 
T* = 0 r ° r 
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0 
The numbers contained within the brackets to the right of the five cases 
are the symbolic representations of the individual, caseso The top num-
ber in the brackets denotes the external fluid condition and the bottom 
number the initial condition with the dash (-) denoting the adiabatic wall 
cases. 
The conversion of the kinetic energy of the jet into tnermal ener-
gy because of the viscous dissipation of the velocity distribution occurs 
with the wall jet as it did with the free jet* In the case of the wall 
jet, however, the velocity distribution decays initially in the boundary 
layer next to the wall as well as in the free layer next to the external 
fluido Therefore, for the wall jet, the development of the temperature 
distribution initially occurs near the wall as well as near the external 
fluid. 
Cases (ii) and (iii) correspond to the conditions of the two Crocco 
solutions of the energy equation, and thus the dimensionless temperature 
may be expressed as 
T = 1 - u 
and 




T - u*(l - u*) 
respectivelyo The other three cases? however,, require a numerical solu-
tion. of the energy equation,, The temperature distribution and the physi-
cal co-ordinates in terms of the transformed co-ordinates for each of the 
five cases are presented in Figures 22 through 31o 
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This parameter for cases (iii), (iv), and (v) is presented in Figure 32= 
Since the energy equation in terms of the transformed co-ordinates 
is linear in temperature, these solutions can be added linearly to satis-
fy different conditions for the external fluid and for the waiio The 
effect of a cold external fluid on the adiabatic wail jet is analogous to 
the same case for the free jet already discussed*, For example, if the 
dimensionless temperature of the external fluid is -l/4 the solution is 
symbolically expressed as 
J + K4) \L 
Solutions (iv) and (v) for tne wall jet of constant wall temper-
ature contain the viscous dissipation effect of solution (iii), plus, 
respectively, the additional effects of a wall temperature and exterior 
fluid temperature different from the initial jet temperature - For example, 
Uniform Initial Velocity and Temperature 
Conditions 
Figure 22. Temperature Distribution for the Compressible Wall Jet at Several Locations 
Downstream, T = T , Adiabatic Wall. J e r7 
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Figure 23. Normal Distance Parameter for the Compressible Wall Jet at Several Locations Down-
stream, T = T , Adiabatic Wall. 
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Figure 24. Temperature Distribution for the Compressible Wall Jet at Several 
Locations Downstream, T ^ T , Adiabatic Wall. 
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Figure 25. Normal Distance Parameter for the Compressible Wall Jet at Several 
Locations Downstream, T / T , Adiabatic Wall. 
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Figure 26. Temperature Distribution for the Compressible Wall Jet at Several 
Locations Downstream, T = T , T = T . 
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Figure 27. Normal Distance Parameter for the Compressible Wall Jet at Several 
Locations Downstream, T = T , T = T . 
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Figure 28. Temperature Distributions for the Compressible Wall Jet at Several 
Locations Downstream, T = T , T F T . 
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Figure 29. Normal Distance Parameter for the Compressible Wall Jet at Several 
Locations Downstream, T = T , T f T . 
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Figure 30. Temperature Distributions for the Compressible Wall Jet at Several 
Locations Downstream, T / T , T = T . 
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Figure 31. Normal Distance Parameter for the Compressible Wall Jet at Several 
Locations Downstream, T / T , T = T . 
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32. Heat Transfer Distributions for Wall Jets With Various External Fluid and Wall 
Conditions. 
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the case of a hot wall and a cold external fluid such that 
T = -2 
r 
T = -l/4 
e 
is expressed as 
[r]-(3- (8- fft-M) 
The first term on the right hand side of this equation expresses the ef-
fect of the viscous dissipation on the temperature distribution, and the 
second and third terms express the effects of the wall temperature and 
the external fluid temperature, respectively, on the temperature distri-
bution- Also, as in the case of the free jet, the transformation to the 
physical co-ordinates is linear in temperature and, therefore, the physi-
cal co-ordinates of the other solutions are obtained by adding the physi-
cal co-ordinates of the known solutions in the same way that the temper-
ature solutions are added. The heat transfer characteristics of other 
solutions are obtained in the same way. 
Approximate Solution 
The approximate solution of the momentum equation for the wall jet 
is divided into two downstream regions in the same manner as in the case of 
the free jet. The region from the initial condition to the point downstream 
at which the maximum velocity of the jet begins to decay is termed region 
(i), and the region from that point on downstream is termed region (il). 
The approximate solution of the wall jet in dimensionless form 
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for region (i) is 
x" > 0.0328 
3 * * A C.A * 1 / 2 
— - h = 4„64x d a 
6 
_b _ * 
d ~ hb 
= 5, = 8o518x: 1/2 
^ = &* = 1 - 3ol64x 
d 
*l/2 
for z* < 5* then u* ~ 3/2 — a '
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a ' 
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92 
5 , - 5 
b a 
+V 1.530 +\/0o028358 + 13.1811 *3 „*2 
u o 
max a 
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for z > 5 
a 
A comparison of the velocity distribution of this solution with the veloc-
ity distribution of the exact solution is presented in Figure 33. As was 
the case with the approximate solution for the free jet, the maximum ve-
locity compares well with the exact solution, but the layer thickness 
does not compare as well0 The approximate and the exact wall shear, 
presented in Figure 34, compare well. 
Experiment 
A comparison of the exact solution of the momentum equation with 
the experimentally measured wall jet velocity distributions is presented 
in Figure 35c The measured condition at the nozzle exit plane was used 
as the initial condition of the theory, and comparisons are made at 
downstream locations of three, six, and nine inches. The comparisons 
of theory and experiment are very good for the first two locations. At 
1.0 




Figure 33. A Comparison of the Approximate and the Exact Velocity Distributions 
for the Wall Jet at Several Locations Downstream, Uniform Initial Ve-
locity Condition. 
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Figure 35. A Comparison of the Experimentally Measured Velocity Distribution 
With the Exact Theory. 
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the third location, however, the viscous layer is considerably thicker, 
and the velocity decay greater, than that predicted by the theory. The 
failure of the theory to continue to predict the experimental jet fur-
ther downstream may be attributed to a breakdown of the two-dimensional 
jet into a three-dimensional jet due to the boundary layer development 
along the side walls, to the transition of the jet from a laminar wall 
jet to a turbulent wall jet, or to both. An estimation of the boundary 
layer development along the side walls indicates that nine inches from 
the initial condition this effect has influenced only about a quarter 
of the total width of the jet. Further, decay of the jet due to bound-
ary layer development on the side walls fails to explain the sudden in-
crease in the thickness of the measured viscous layer over that expected 
from the theory*, It is concluded then, that the failure of the theory 
to predict the development of the wall jet further downstream is due to 
the transition of the laminar wall jet to a turbulent wall jet. 
Figure 36 compares the maximum velocity of the jet from the exact 
theory with the measured values for various locations downstream.. The 
early portion of the jet is laminar. However, as the jet becomes tur-
bulent, it breaks away quickly from the laminar theory,, The approximate 
location of transition for the wall jet of Figure 36 is about seven 
inches from the nozzle exit plane. A similar experiment for the free 
jet failed because the Reynolds number required to achieve a laminar 
free jet of air into air was too low to allow accurate measurements with 
the equipment available. Andrade, however, measured free jets of water 
into water and demonstrates the Reynolds number of transition to be 
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work shows, further, that there is a small range of Reynolds numbers be-
tween fully laminar and fully turbulent free jets. 
The Reynolds number of the wall jet studied was 450 based on the 
initial velocity and height of the jets This jet was laminar over part 
of the downstream development region, whereas a laminar free jet at this 
Reynolds number could not be achieved. Therefore, the wall contributes 
appreciably to the stability of the wall jet. The Reynolds number of 
transition based on the initial velocity of the jet and the downstream 
distance to transition is about 12,600. A low value of the transition Reynolds 
number for the boundary layer is 300,000, so the finite dimension of the 
jet flow causes a loss of stability as compared to the infinite flow field 
of the boundary layer. The Reynolds numbers of transition for the wall 
jet are an order of magnitude above that for the free jet and an order 
of magnitude below that for the boundary layer 
CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
Theory 
Under the assumptions of the theory, the momentum and energy 
equations for the two-dimensional (compressible and Incompressible) and 
radial (compressible and incompressible) free jets and wall jets are 
transformed Into a single set of two equations for the dirnensionless 
longitudinal component of velocity and the dirnensionless temperature^ 
Since the transformed momentum equation is independent of the trans-
formed energy equation then it can be solved first and the results used 
to solve the energy equation0 The energy equation Is linear In temper-
ature, so solutions of this equation for various boundary conditions can 
be added to obtain new solutionsc 
Numerical solutions 01 the momentum equation are used to deter-
mine the velocity distributions in the development region of both free 
jets and wall jets. These results compare well with the asymptotic so-
lutions far downstream of the initial condition. Further, this compari-
son Indicates that the asymptotic solutions are good approximations to 
the exact solutions only after the maximum velocities of the jets have 
decayed to about one half of their original values for the free jets, 
and one third of their original values for the wall jetso The results 
for free jets and wall jets show that the solutions for the uniform Ini-
tial v'elocity distribution are better approximations to the solutions for 
other initial velocity distributions than are the asymptotic solutionsc 
Further, it is argued that this will generally be the case regardless 
of the initial conditions of the jets* A comparison of the wall shear 
in the development region of the wall jet for several initial conditions 
yields a good correlation of the wall shear for a wide range of jet ini-
tial conditions. 
An approximate integral solution for the free jet and the wall 
jet with a uniform initial velocity distribution results in a closed form 
solution for the free jet and a simple numerical solution for the wall 
jet. The integrals used are the integral momentum equation and the F 
relation of Glauert. These solutions predict the maximum velocity and 
general shape of the velocity distributions well but do not predict the 
thickness of the viscous layer as well. The wall shear for the wall jet 
predicted by this method is very close to the exact solution. 
A possible extension of the solution of the energy equation is to 
include the effect of the Prandtl number different from unity (i.e., in 
particular for the Prandtl number of air). If, as for air, the Prandtl 
number is less than unity, however, then the thermal influence extends 
further into the external fluid than the velocity influence. That is, 
the change in the velocity at the outer edge of the viscous layer approaches 
zero faster than the change in temperature. Since the momentum approaches 
zero as the velocity, then co , and thus the numerical ap-
9M Is* * 
w'z-*-co 
proach in momentum co-ordinates, as used here, fails at the outer edge 
of the layer0 This extension of the solution requires another approach 
to treat the outer edge of the layer. 
Laminar free jets and wall jets occur less frequently in practice 
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than the corresponding turbulent jets, since they become unstable at such low 
Reynolds numbers. Therefore, it is recommended that the theory presented 
herein be extended to obtain solutions for the turbulent jets. 
Experiment 
The theoretical results from the exact solution for the wall jet 
compare well with the experimentally measured velocity distributions un-
til the jet becomes turbulent. Transition was observed approximately 
seven inches from the initial condition. The transition Reynolds number 
was 450 based on the initial jet width and 12,600 based on the distance 
downstream from the initial condition,, These transition Reynolds numbers 
are an order of magnitude greater than that for the free jet and less 
than that for the boundary layer0 The transition from laminar to turbu-
lent flow occurs over a short longitudinal distance and is quite distinct. 
There are two characteristic dimensions to consider regarding tran-
sition for the wall jet. These are the thickness of the initial jet. and 
the longitudinal distance the jet has proceeded downstream. In order to 
understand the influence of these two dimensions consider the transition 
characteristics of two wall jets with uniform initial velocity distribu-
tions and identical flow conditions. One of the jets, termed the thin 
jet, has a much thinner initial velocity distribution than the other jet, 
termed the thick jet. Transition for the thin jet will occur at some 
position downstream after the maximum velocity of the jet has decayed from 
its initial value. An example of this case is the wall jet generated ex-
perimentally in this study. Now consider the transition characteristics 
of the thick jet. As the flow proceeds downstream the flow next to the 
wall would be boundary layer flow initially, and the flow at the exterior 
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fluid would be free layer flow initially. If the initial velocity distri-
bution of this jet is thick enough, then transition from laminar to turbu-
lent flow will occur for the boundary layer and free layer portions of the 
jet before the maximum velocity of the jet has decayed at all from its 
initial value. The velocity distribution of the wall jet at transition, 
then, can vary considerably depending on the thickness of the jet. There-
fore, the thickness of the jet, as well as the distance from the initial 
condition, are parameters affecting transition. Further experiments with 
jets with various thicknesses would be of interest to study the effect of 





A Transformation of the Equations of Compressible 
Flow to the Equations of Incompressible Flow 
The equations for compressible flow are 
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These equations are transformed from the physical co-ordinates, x and 
y , to a new set of co-ordinates, X and Y , with 
X = ex (A.6) 




The transformation formulas for the f i r s t derivat ives are 
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Using equations (A.8) and (A.9) in equations (A.l) and (A.2) yields 
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Integrating this equation with respect to y with u = 0 at y = 0 
yields 
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Integrating the second term in this equation by parts yields 
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From equation (A,8), the integrand of the right hand side of this equa-
tion is 
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Introducing equation (A.12) in equations (A.10) and (A.ll) yields 
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Equations (A.4) and (A.5) may be combined to obtain 
PP- = c p ^ . 
Using this expression in equations (A.13) and (A.14) yields 
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Equation (A.15) is the expression for an incompressible flow of constant 
viscosity, where X and Y are the physical co-ordinates of the system, 
This equation can be solved independently for u(X,Y). Equation (A.16) 
can then be solved to obtain the solutions of the compressible flow prob-
lem, This solution is then used in equations (A.6) and (A.7) to obtain 
the physical co-ordinates of compressible flow. 
A Transformation of the Equations of Radial Flow 
to the Equations of Two-dimensional Flow 
If v is defined as 
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then equations (A.15) and (A,16) are expressed as 
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Differentiating equation (A„17) with respect to Y yields 
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where k = 0 is for two-dimensional flow, and k = 1 is for radial flowc 
Now let 
s = 




z = XkY (A„22) 
be the transformed independent variables, where X0 is the location of 
the initial condition in the incompressible co-ordinate. Then the trans-
formation formulas for the first derivatives are 
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Applying this transformation to equations (A.18), (A.19), and (A.20) and 
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The second and third terms of equation (A,25) are combined to yield 
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Introducing this into equation (A„25) and integrating with respect to 
z yields 
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A comparison of these equations with equations (A015) and (A016)with k=0 
shows that (A.27) and (A„28) are the equations of two-dimensional flow 
with X and Y replaced by s and z o Radial flow results are there-
fore obtained from the two-dimensional flow results through the transfor-
mation equations (A„2l) and (A022)0 
The Transformation to 
Momentum Co-ord_i_n_ates 
A transformation to momentum co-ordinates is applied to equations 
(A.27) and (A.28) with 
* P r r
z




M = p I 
o rr J 
u dz (A.30; 
Is the total momentum at any s station downstreamo The transformation 













From equation (A„29 
9z 
Pr 2 






z z ^ dM 
9uj w , p 6u| , M o 
o I. o o rr 
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Again, U;ir.g equation k02') the integral may be evaluated to yield 
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Then, combining equations (A,3l;j -A.32;, .Ac 33), 
yields the following transformation lormulass 
34), and (A035) 
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Applying these equations to equation (A„27) and simplifying yields 
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Similarly, equations (A*36) and (A037) applied to equation (A„28) yield: 
M2 * T 
o . _QT 
p LL 3S 
r r r 
,# = u 
2 a u2 a T ii l-M / 2 Qi 




s ! 3M 
+ - K ^ 




Further, using equation (Ao37) in equation (A»35) yields 
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This fcxpression is now integrated to obtain 
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INTEGRAL CONSERVATION EQUATIONS 
The Conservation of Total Momentum 
The momentum ana continuity equations in terms of the trans-
formed co-ordinates are expressed as 
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The first and second terms of equation t.Bd) are expressed as 
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For the finite jet streams of this study, 
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Further, the boundary conditions of all the flows considered in this 
work demand that 
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;o that equation (B«4) becomes 
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Integrating equation (Bc6) with respect to s from the initial condition, 
downstream yields 
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i- the total momentum at the initial s 
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is a bouftdary condition of xhe free jet, then equation (B07) states that 
the totcu momentum is a constant and therefore conserved for every loca-
i.ior: downstream. Equation (B„8) is not zero for the wall jet, however, 
since there is a shear force on the wallo Therefore, the total momentum 
for the wall jet is not conserved. 
The Conservation of F 
Integration of equation (B„4) from z to infinity and multipli-
cation by u yields 
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u — u dz = u v - — u — 




9 p 2 _ 6 
u — u dz - —~ 
9s J Qs 
z 
00 o 
u u dz 
Jz 
2A u dz 9u 
9s 
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in equation (B09) and integrating with respect to z from zero to in-




u dz dz 
1 oo 
r OIL r 
J 9s J 
2 , 
u dz dz 
I z 
B.10) 
?" 2 ., 1 ^ r , 2-, 
+ u vdz - 77 —' \u ) n 
J 2 p z -0 
o K r 
From e q u a t i o n (B 0 2) 
_8u . Qv. 
9s ~ " 9z 
so inat the first term on, the right hand side of equation (B„10) becomes 
Jo 9:, 
2, 
u dz dz 






Integrating trns expression by parts yields 
- I 
oo i oo 
af|Jz
 u dz 2A 
u dz 
oo oo 
2 , u vdz 
0 0 
Since (v) r ~ (vj - 0 then, 
Z - U Z -*-oo •' 
/ oo i 
a l J u dz 




Equation (B.10) integrated with respect to s from the initial condi-
tion to any condition downstream becomes 
F = F - 77 P U (u ) r, ds 
in 2 Hr^r J z=0 
(B.ll) 
wher< 
F = u dzdz 




r «- n. 0 
2 A A 
u dzdz J s=0 
is F at the initial Sc 
Since the velocity at z = 0 for the free jet is the maximum ve-
locity oi the jet, u , then equation (Bdl) becomes 
7 J ' max ' M 
F =* F. 





F f then,!o not conserved for the free jet but can be expressed by equa-
tion (Bol.2)„ A boundary' condition of the wall jet is that the velocity 
at the wall, or z = 0 , is zero, so then from equation (Boll), F is 
conserved for the wall jeto 
Further, for the free layer used in the approximate solution, the 
velocity at z = 0 is a constant^ u . Equation (B0ll) in this case 
can be integrated to obtain 







FINITE DIFFERENCE EQUATIONS 
The Wall Jet 
Momentum Equation 
The momentum equation for the wall jet, as given in equations 




F Bs = v 
w 3M 
+ H"-* m-m dv 3M 
2 2 
M = 1 - i F 
o 3 
w 
^ ' « d 8 * 
(CI) 
(C.2) 
For the sake of simplicity, the superscript has been dropped, how-
ever the variables are assumed dimensionless. The difference approxi-
mations used in these equations are 
w 






77^7 f (v - , n -̂ i + v-,-. • ~ v. ,. - v. .)/a (C.4) 
4AM L 1+1,3+1 i+l,J 1,1+1 i,J 
w 
+ (v. + v. . - v. . ... - v. .)/3l 
i,j+l i,j l-l, j-fl i-l,j J 
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a_S 
.2 aM is , .a + p ;AM 
2 [ Cv„ . , „ , + • v . , , - v . . , , - v„ . ) 1 + L , J + 1 1 + 1 , J 1 , J + 1 l , J /a (C5) 
V , . + V 0 „ — V 
l,;j+l 1,J i-i.j+i " V i . j ^ I 
where As is the dowrEbream increment, AM is tne smallest increment in 
h'c momerr.um grid ,iC ) . i is the M index, and j is the s in 
dexo Tne momentum grid jon.trol variables, a and p , are 
a =: p ^ I for 0 < i < 100 
a ~ 100, p - 1 for i ~ 100 
a ^ p = 100 for 1.00 < i < 199 
a -' 1 $ P • 1 GC for i = l ' 
a = p -: 1 tor 199 < i < 298 
Appiyirg equaticr - :C„ j,M (C„4j and (Ceo) to equations l.Coi) and 
i.C 2) ".hen yields 
M2 ^»*\2 v, 
o (AM) ' % 1. 
F As i,j+l i 9j
y ',a+pj 
V. .., o , n + v . . , . - v „ „ . , - v . . ; 
i+l, j+1 l+l, j i,j+l i,,J' 
' 1,J+1 1,J 1-1,0+1 1-1,J 
+ •§4 [2(i-M.) vx - (vi+1 - v.)/a - (v. - v.^J/p 
(v.,, ... - v. o ... + v. , , . - v. . )/a + (v. . 
L i+i,j+i i,j+i I + I ? J i , j " i,j 
+ v„ . - v. .  . )/p 





0 ^ - f i r i ^ - V j ^ 
j = i 
where 
v. = v. . 
i i,J 
for the first computation of the v. ... at an s station. Then 
i,J+l 
v = —(v + v 5 
i 2 i,j i,j+l 
and the solution is repeated until the change in the v. from one 
iteration to the next is less than 1 percent of the corrected valueso 
If the known coefficients in equation (C.6) are designated as 
24M2 Uus2 
K = ^ M L (c.8) 
F As 
24v. 
L=T^TT) ( c ° 9 ) 
N = 2(1-Mi)v1 - (v1+]_ - v.)/a - (v. - v.^/p (CIO) 
Then, equation (C.6) is expressed as 
K(v. . . . - v. . ) = L ( v . , , . , , + v . , , . - v . . . . - v. . ) / a 
I , J + I I , J L i + i , j + i i + i , j I , J + I I , J ' 
- (v . . . . - v. . - v. , . . . - v. , . )/B 
I , J + 1 i , J i - l , J + l i - l , j " p J 
I i + l , J + l i , J + l i + l , J i , j i , J + l i - l , J + l i , J +N 
VijM] 
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ater simplification this becomes 
L^i^Ad^jKk±A^±J^ 
V i - l , j + l L - N 
+ L IL+E 
V i , j + 1 a | L-N | v i + l J + l 
= - v . , o + 
i - i j J 
L u + 3 / a ) - N ' l - p / g ) - Kft 
L - v 0 i , J 
L+N 
L-N i + l , j 
(Cli) 
Trie right hand side of (Coil) contains all known quantities, whereas the 
left hand side contain^ the unknowns0 Further defining 
A ( i , j ) 
L(l .+P/a) - N ( l - p / a ) + Kp 
L - N 
vC.12) 
i.»J £ M l 
a I L-N j 
C( i , j ) = - V i J + 
L( l + p / a ) - N(l - p / g ) - F$ 
L - N i > J 
( C 1 3 ) 
(Col4 . 
£ J L+N. 
L~N i + l , j 
e q u a t i o n ( C l l ) becomes 
• i - i , j + i + A ( i ' j ) v i ) j + i
+ B f i - j ) v i + i , j + r
 c ( i > j ) ( c - 1 5 
Equation (C»15) is the final differerce approximation of equation (Cd). 
It is applied for each interior grid point at a particular s station 
The result is a set of 297 equations and 297 unknowns. The matrix of 
coefficients governing these equations is tri-diagonal, however, and there-
fore the system is relatively easily solved= 
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Energy Equation 




, ^ + i 
2 3 
QWT 
( 1 - M' 
j3v\ 
6MJ M̂ O ( C I 6 ) 
+ M. _ 9 v. 3 i | 9£ 
3M z e aMj OM 
If the analysis presented for equation (C.l) Is repeated for equation 
(,C„ 16) then the only change will be in the coefficient of the second 
term on the right hand side of equation (Gol6)° Equation (CIO) then 
must be replaced by 
N = 2 ( 1 - M. )vn - ( v . . . . - v . ) / a + (v . - v. 1 )/p .Col7 
I i l + l I I i - l 
- 2 (^ /9^ [(e1+1 - y / a + (e - e ^ J / p ] 
where the 0O are averages computed in the same way that the v„ art 
computed. The resu l t i s the set of equations given by 
i _ 1 J + 1 + A ( i , j ) e i j j + 1 + B ( i , J ) e i + 1 J + 1 - c ( i , j (C.18) 
The A(i,j), B(i,j) and C(i,j) are computed from equation (C,12)> 
(Col3), and (C.14) combined with equations (C8), (C.9), and (C.17). 
The Free Jet 
Momentum Equation 
The momentum equation (equation(2.44)) for the free jet is 
2 2 
Qv _ 9 v _ _1_ | 5v | 
as " V g M 2 - 3l3M) 
C.19) 
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The analysis presented for equation (Cl) yields 
M£ K = 24 ^ ^ - (Co20) 
As 
24v „ 
L = 7 - r h - ( C 2 1 ) 
I ct+p j 
N = - ( v . . . - v . ) / a - (v. - v0 )/p (C.22: 
l + l 1 1 l - l 
instead of equations (CaQ), (Co9), and (CIO). Using these equations in 
equations (C,12), (C013), and (C14) then yields the coefficients of 
equation (Cd5). The analysis is the same as that for the wall jeto The 
momentum grid control variables for the free jet are 
a = p = 100 for 0 < i < 100 
a = 100, p = 1 for i = 100 
a - for 100 < i < 1
( 
Energy Equation 
The energy equation (equation(2„45))for the free jet is 
ae = . afe + i | M _ ? ^ 9 i j 9 i 
3sf
 V
 QM2 3 I 6M " 0 8M I 8M 
As in the case of the wall jet, the only difference from the analysis 
of equation (C19) is in the non-linear coefficient, N , expressed in 
equation (C022)0 This equation is replaced by 
N - (v.+1 - v^/a + (v1 - v.^/p 
-2(vV" e.) i (e . , - e. )/a + (e. - e. . )/p I 
r i L 1+1 I i i-l J 
Introducing this expression for N into equations (C012), (Cel3,):, and 
(,Col4) yields the ^cei : i cients for equation (C„18)* 
APPENDIX E 
DETAILS OF THE APPROXIMATE ANALYSIS 
The Boundary Layer 
The bourdary layer velocity distribution is approximated by 
u 
.# _ a _. - A z 5-) 3 f B ( — ; 2 + G ~ ) + D 
a u 5 6 o 
r a a a 
Da) 
where b is the transformed boundary layer thickness, and u is the 
a r 
free stream velocity. Requiring that :ne boundary conditions 







are satisfied by equation (D„l) then yields 
* _. 1 I 3 
Ua ' 2 T' " 2 1 
D.2) 
where rj =•' z, The unknown boundary layer thickness, 5 , is ob~ 
a 














The integral in equation (D.3) with u* given by equation (D.2) yields 
a 
.1 
D ( 1 " ua)ua dT1 * 280 
D04 
Also, from equation (D„2), 
5t, TI =0 
(D„o) 
Substituting equations (D04) and (D.,5) in equation (D.3) yields 
39_ 2^a. _ 3 bill. 
280 Ur ds 2 p b rr a 
This equation can be integrated directly to obtain 
0 -, i ^ 
/ = 4... 
d V D u s 
NTU (3) (D„6i 
r r 
where d is a reference length. The velocity distribution for any 
downstream position, s , is obtained from this solution and equation 
(D,2)0 
The Free Layer 
The free layer velocity distribution is approximated by 
* b 
u, = —— = A 
b u 
r 
z - Q 
3 
+ z - b 
2 
+ C z - 5 + D D.7 
where 5, is the transformed thickness of the free layer, and 5 is 
the transformed distance from a reference line to the viscous layer 
s defined in tig^re 2D Requiring thdL the conditions 
z ^ o, Ub "r a n d — 
= 0 
3u, 
be satisfied oy equation itt7) yields 
& 5 _ 2 , . 




wnere n -; *—— „ The two unknowns b, and 6 can be obtained from the 
6, D 
b 
i n t e g r a l momentum e q u a t i o n and F r e l a t i o n , which a r e e x p r e s s e d as 
M / Pr- d- b h 'r ' °b J CD.9) 
3 2 
2 u O r 
i 1 
dndri + u 5 bu u* d-






u b J 
O ^ 
»2 . 1 3 ,2 1 * r 2 
u, di]dTi -• - u d - - — u s 2 r 2 p r r 
where d i s t h e t h i c k n e s s of t h e i n i t i a l v e l o c i t y d i s t r i b u t i o n . The 
i n t e g r a l s i n e q u a t i o n s ; D 0 9 ) and (D o10) a r e 
' #2 , 13 
U o d ^ = 3b 
( D . i i ) 
1 1 
! d t l = 2 (Dol2) 
1 1 
o o 
* 2 , i 3 
u, dT]dr] = — 
b ' j b 
(D.13) 
b , 
u* clf|dn - 0.07587 
b 
( D . l - r 
S u b s t i t u t i n g these cons t an t s in to equat ions (D09) and (D„I0^ and scJv-
„inq ;.'•:,! 6, and -, y_e ds 
a b • 7 
i f c . 8 . 5 U (3U ||; 
d | Q U 3> I \ d I 
s p u s ; 
• K r r / 
( D „ j o 
1 - 3*164 [ J^ 1 





With 5. and o the v e l o c i t y d i s t r i b u t i o n i s then a v a i l a b l e from equa-
D 
tion (D.8). 
Re.,:,, (II) of the Free Jet 
The velocity distribution for region (JI) of the free jet defined 
in Figure 2 is of the same form as equation 'VD.8) witn u,
 :;: u/u and y M b max 
z/\ . The two unknowns, the maximum velocity, u , and the trans-1 b J ? max y 
formed jet thickness, 5 , are obtained from +he conservation ot totaJ 
momentum equation and the F relation difterentiated with respect to s 
'Ihese equa ions are expressed as 
1 /p = u d 
o Kr r 
2 
max D 
u*2 dr] 'D..17) 
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0 = ^ U3 6 2 
d s I max , t ** b o 
1 1*: 
Ub d^}~2~ ( D o l 8 
The Integrals are the same as those presented in (D„ll) through (D„14) 
Solving equation (Dol7) for o- yields 
2.692 












0„9092 u d 
r 
which is integrated directly to obtain 
max 
2o727 — £ — - 2;)+ J 
p u d Id rr r 
1/. 
(D.20. 
The shear layer thicKness, 5, , is obtained by combining equations (D.i< 
and (D,20), The velocity distribution is then obtained from equation 
(D.8). 
Region (il) for the Wall Jet 
The velocity profile for region (II) of the wall jet Is divided 
into two partso The portion of the profile next to the wall Is of the 
form of equation (D„2), 
3 1 3 
2 n ~ 2 ^ (D„21 
13i 
whert a u and T] = z/h o The top portion, of the profile, from 
max 
the maximum velocity away from the wall, is of the form of equation 
(D.8), 
u* - 2-3 - 3K2 + 1 .D.22 
z - & 
where u b and £,' - — 
The and 6-, are the trans-b 
max b 
formed layer thickne 3es from the wall to the maximum velocity point 
and from that poinc to the end of the layer., respectively» The three 
unknowns,. 6 , &, and u are computed .̂ rom the integral momentum 
a b max r 
equation taKen over the entire profile, which is expressed as 
dc 
fc +} 2 fa %2 2. , r°a'°b ^ ] 
max a J a ' max b J. . j 
o o b J 
a 
^ D 0 2 J 
p. u /Qu \ _r _j? a 
pr &a 1 dr] 1^° 
the integral momentum equation taken over the top portion of the profile, 








- u max ds u 6 u dri max a J a ' o 
ind the F relation over the entire profile, which is expressed as 
:32 
F_ i 3 ,2 3 2 
9 = — u d = u 6 u 
. z 2 r max a J a 
^r ° 
i r i 





+ u 5 &, u max a b J a o 
1 r 1 *2 1 
ufa d'C dt] 
3 2 r1 « 
4 u &, u. 




*2 nr 1 dr u, dE, J C 
The two momentum equations are expressed differentiated with respect to 
s « The integrals contained in. these three equations have already beer. 
presented with the exception of the following: 
1 




J 3 j j a 
o • n 
«2 , , - 4863 
u3 dr̂ idq - ^7^75 
LO 
*2 j 13 
ub dC ; d^ = ~ 
With these expressions, then, equation (D,25) can be expressed as 
f i u »3 , , ,2 
r I d — = -1,530 +\/0.028358 + 6.5906 
I'max/ 1 a 
D„26 
Equation (D„24) can be used in equation (D023) and the result expressed 
as 
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9 du d6 y 
I max = 0.2010 u -j-
9 - 4.330 — 
a ds max ds p 
(D.27) 




29.7446 — < 
0.028358 + 6.5906 
/ u \ 
r 
2 .,1/2 
t max / \ a , 
0.12758 - 0.028358 + 6.5906 
I u \ 
r_ 
u 
I max j 






max / \ a 
r 1 d \ 
> (D.28) 
max 
An explicit finite difference scheme can be used to solve equations (D.26), 
(D.27), and (D.28) for the three unknowns, it , and u . The ve-b max 
locity distributions then can be obtained from equations (D.21) and (D.22) 
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